A k-tree is either a complete graph on k vertices or a graph obtained from a smaller k-tree by adjoining a new vertex together with k edges connecting it to a k-clique. Denote the set of all n-vertex k-trees by T k n . In this paper, we impose some restrictions on the spectrum of a k-tree with the k number has largest Laplacian energy and smallest Laplacian energy among all the graphs satisfying those conditions. The corresponding extremal graphs are characterized respectively as well.
Introduction
We only consider connected, simple and undirected graphs. Let G = (V G , E G ) be a simple graph on n vertices and m edges(so n =| V G | is its order ,and m =| E G | is its size). We follow the notation and terminology of Refs. [2] and [3] except if otherwise stated.
For a graph G with n vertices and m edges, the Laplacian matrix of G is given by L = D − A, where D is the diagonal matrix whose entry (i, i) is equal to the degree of the vertex v i and A(G) is the adjacency matrix of G: see [1, 4, 5, 9, 10] . The Laplacian spectrum of G is defined as the multiset of eigenvalues of L, which is denoted by µ 1 ≥ µ 2 ≥ · · · ≥ µ n = 0. The spectral graph theory usually focuses on using the spectrum of related matrices to characterize the graph structure: see [4, 14] . The Lalacian energy is defined as 1 the number
This concept was introduced by Gutman and Zhou in 2006: see [5, 10, 11] and has been extensively studied since then.
In recent years, the Lapalcian indices has received increasing attention. Recently there is a lot of work on the Laplacian eigenvalues, especially the Laplacian index of a graph. This paper is concerned with the Laplacian energy of k-trees [6] . The class of k − trees may be defined recursively: a k-tree is either a complete graph on k vertices or a graph obtained from a smaller k-tree by adjoining a new vertex together with k edges connecting it to a k-clique. Thus a 1-tree is an ordinary tree. For positive integers n,k with n ≥ k, S k n − k, on n vertices is just the graph K k (n − k)K 1 ,where
So we consider T k n with n ≥ k + 2 in the whole context. For convenience, let T k n denote the set of all k-trees on n vertices. For the structure properties, enumerative properties and spectral properties on k-trees, one may be referred to [7, 8, 15] .
The paper is organized as follows. In Section 2, we describe the Laplacian eigenvalues of the S k,n−k . In Section 3, we study the k-trees (S k,n−k )with a fixed number of vertices n and show among all of them the one with largest and smallest Laplacian energy.
Characterization of k-trees with the Laplacian eigenvalues
In this section, we determine the Laplacian eigenvalues of the k-trees. We focus on the special class of k-trees, which is S k,n−k . Fig.1 shows.
Lemma2.1 (see [9] .) Let G be a connected graph with at least one edge and maximum degree ∆, then µ 1 ≥ ∆(G) + 1 with equality if and only if G ∼ = S n , where S n is the star graph on n vertices. Theorem 2.2 Let G be a k-tree(S k,n−k ) on n ≥ k + 2 vertices. Then G has the maximum Laplacian eigenvalues µ 1 = µ 2 , = . . . = µ k = n. Proof. By the definition of the Laplacian matrix of a graph, we have
where .
Furthermore,
This completes the proof.
Characterization of k-trees with the Laplacian energy
We may represent a S k,n−k on n vertices using a binary sequence (b 1 , b 2 , · · · b n ). Here b i is 0 if vertex v i was added as an isolated vertex, and b i is 1 if v i was added as a dominating vertex. This representation has been called a creation sequence [12, 13] . For example, the binary sequence of S k,n−k constructed in Fig.2. is (0,0,0,1,1,1) . whose trace T = k is equal to 3.
Let us consider that the 0 − 1 string of a k − tree on n vertices is given containing k characters 1. Also, the degree sequence Remark 3.1 Let G be a S k,n−k on n vertices, with (k +1)−clique and degree
From above remarks, we can obtain the sequence nonzero Laplacian eigenvalues of S k,n−k directly from its binary sequence in the following way. Bearing in mind all these considerations, we have our first results.
). Proof. Let S k,n−k be an arbitrary k-tree on n vertices, m edges,k clique and degree sequence d 1 ≥ d 2 ≥ · · · d n . From the above consideration about its specific construction with clique number k and n − k added vertices. Let us suppose that the Laplacian eigenvalues of S k,n−k satisfy the hypothesis. Then
, so we have
Let us consider the third degree polynomial defined over the reals
Using standard calculus techniques, we find that the minimum absolute values of f (x) (for positive values of x ) happens at
Then we have the following roots,
According to the situation, we can get the following two theorems: Theorem. 3.3 Let n ≥ 4 be an integer. The S k,n−k on n vertices with minimum Laplacian energy is k-trees with k = n − 2.
Proof. When the root is the case,
As we are interested in the maximum values of f (x) for integral values of x, it remains to verify where this maximum occurs. This values is either the integer right before x 1 or right after
Let us analyze more closely the values
. For simplicity, we separate in case, depending on the remainder of n when divided by 3. Case 1: n = 3p, p > 1. When notice first that
On the other hand, since p > 1,
It follows that x 1 ∈ (3p− 5 3 , 3p− 2 3 ]. Consequently, the minimum of the function f (x) restricted to integral values of x occurs at either x 0 = 3p−3 or x 1 = 3p−2. We have
We can see that
And the last inequality is always true for. Hence, the minimum of the Laplacian energy happens for k = 3p − 2.
We notice that k = n − 2 = 3p − 2.
The case n = 6, can be checked by hand: for k = 4, the minimum Laplacian energy happens at k = 6 − 2 = 4.
Case 2: n = 3p + 1, p > 1. For this case, again applying the same kind of reasoning, x 1 is in the interval (3p − 4 3 , 3p −
3
). Hence the minimum Laplacian energy is at either x 1 = 3p − 1 or x 2 = 3p − 2. Computing their values, we have
We see that f (x 1 ) < f (x 2 ), as f (x 1 ) − f (x 2 ) < 0 ⇐⇒ 14 − 12p < 0, the Laplacian energy of k-tree with k = 3p − 2. We notice that k = n − 2 = 3p + 1 − 2 = 3p − 1.
Case 3: n = 3p + 2, p > 1. For this case, again applying the same kind of reasoning, x 1 is in the interval (3p − 1 3 , 3p + 1). Hence the minimum Laplacian energy is at either
Computing their values, we have
Laplacian energy of the k-tree with k = 3p. We notice that k = n − 2 = 3p. This completes the proof.
Proposition 3.4
We know when k = n or k = n − 1, the k-trees are complete graph, so the Laplacian energy of k-trees are LE(G) = 2n − 2. So we can may obtain that the minimum Laplacian energy is between the complete graph and k = n − 2. Using standard calculus techniques, we find 2
So we can obtain the following results:
(1) For all n < 4, the minimum Laplacian energy of the S k,n−k is attained at k = n − 2.
(2)For n = 4,the minimum Laplacian energy of the S k,n−k is attained at k = n or k = n − 2.
(3)For all n > 4, the minimum Laplacian energy of the S k,n−k is attained at k = n.
Theorem 3.5 Let n ≥ 4 be an integer. The S k,n−k on n vertices with maximum Laplacian energy is k-trees with :
Proof When the root is the case,
As we are interested in the maximum values of f (x) for integral values of x, it remains to verify where this maximum occurs. This values is either the integer right before x 2 or right after x 2 .
Case 1:
When notice first that
It follows that x 2 ∈ (p + 2 3 , p + 4 3 ]. Consequently, the minimum of the function f (x) restricted to integral values of x occurs at either x 0 = p + 2 or x 1 = p + 1. We have
and
And the last inequality is always true for. Hence, the minimum of the Laplacian energy happens for k = n 3
Case 2:
It follows that x 2 ∈ (p + 2 3
, p + 1]. Consequently, the minimum of the function f (x) restricted to integral values of x occurs at either x 0 = p or x 1 = p + 1. We have
).
We can see that f (x 0 ) < f (x 1 ), as f (x 1 ) − f (x 0 ) > 0 ⇐⇒ 4p + 2(2+3p+p 2 ) 3p+1 > 0. And the last inequality is always true for. Hence, the minimum of the Laplacian energy happens for k = On the other hand, since p > 1, It follows that x 2 ∈ (p + 1, p + 5 3 ]. Consequently, the minimum of the function f (x) restricted to integral values of x occurs at either x 0 = p + 1 or x 1 = p + 2. We have f (x 0 ) = 2 3p + 2 (p + 1) 3 + 2(3p + 2)(p + 1) − (p + 1) 2 (4 − 2 3p + 2 ). and f (x 1 ) = 2 3p + 2 (p + 2) 3 + 2(3p + 2)(p + 2) − (p + 2) 2 (4 − 2 3p + 2 ).
We can see that f (x 0 ) > f (x 1 ), as f (x 0 ) − f (x 1 ) > 0 ⇐⇒ 2P + 8 − 2 3p+2 (5p + 6 +p 2 ) > 0 ⇐⇒ 2p 2 +11p+2 > 0 The last inequality is always true for. Hence, the minimum of the Laplacian energy happens for k = n 3 = 3p+2 3
= p + 1. This completes the proof.
